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1. Introduction
Stochastic differential equation is an emerging ﬁeld drawing attention from both theoretical and applied disciplines,
which has been successfully applied to problems in mechanics, electricity, economics, physics and several ﬁelds in engineer-
ing. For details, see [3,5] and the references therein. Recently a large number of interesting results of stochastic equations
have been reported in [2,8,14,15,20,24]. For example, in [24], Taniguchi et al. discussed the existence, uniqueness, and
asymptotic behavior of mild solutions to stochastic partial functional differential equations with ﬁnite delay. In 2008, Xu
et al. [8] established stochastic versions of the well-known Picard local existence-uniqueness theorem and continuation
theorem given by Hale [1] for functional differential equations. It is well known that the Razumikhin technique is a very ef-
fective technique in the study of stability analysis of stochastic functional differential equations [4,6,7,17]. In [4], Chang was
the ﬁrst who established some Razumikhin-type uniformly asymptotic stability criteria of stochastic functional differential
equations with ﬁnite delay. In 1996, Mao [7] further derived some Razumikhin-type theorems on pth moment exponential
stability and almost sure exponential stability of stochastic functional differential equations. In [17], Jankovic´ et al. discussed
both pth moment and almost sure exponential stability of solutions to neutral stochastic functional differential equations
and neutral stochastic differential equations by using the usual method with Lyapunov functionals.
Impulsive effects are common phenomena due to instantaneous perturbations at certain moment, such phenomena are
described by impulsive differential equation which have been used eﬃciently in modeling many practical problems that
arise in the ﬁelds of engineering, physics, and science as well. So the theory of impulsive differential equations is also at-
tracting much attention in recent years [11,12]. Correspondingly, a lot of stability results of impulsive functional differential
equations have been obtain [9,10,13,22,23,26]. So far, there are several results on impulsive stochastic differential equation.
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sive differential systems by means of Lyapunov function method and Itô formula. Sakthivel and Luo studied the existence
and asymptotic stability in pth moment of mild solutions to nonlinear impulsive stochastic differential equation with inﬁ-
nite delay in [20]. Peng and Jia [18] obtained some criteria on pth moment stability and pth moment asymptotical stability
of impulsive stochastic functional differential equations by using Lyapunov–Razumikhin method. In [19], several criteria on
the global exponential stability and instability of impulsive stochastic functional differential systems are obtained by Cheng
and Deng. In addition, some other investigation on stability criteria of impulsive stochastic differential equation, we can ﬁnd
in [21,25].
In this paper, based on the analysis of paper [7], we shall extend Lyapunov method to impulsive stochastic functional
differential equations with ﬁnite delay and establish some theorems on pth moment exponential stability and almost sure
exponentially stability. These new results are employed to impulsive stochastic equations with bounded time-varying delays
and stochastically perturbed equations. Moreover, some useful corollaries of exponential stability are derived by means of
Lyapunov function, inequality techniques and the impulsive condition. The obtained results do not need the strong condition
of impulsive gain |dk| < 1 as in [19]. In this sense, our results are more general than those given in [19]. Meanwhile, an
example is provided to show the impulsive effects play an important role in the stability for stochastic functional differ-
ential equations in our results. The rest of this paper is organized as follows. In Section 2, impulsive stochastic functional
differential equations are presented, together with some deﬁnitions of pth moment exponential stability and almost sure
exponential stability. In Section 3, some theorems on pth moment and almost sure exponential stability for impulsive
stochastic functional differential equations are established. In Section 4, these results will then be applied to impulsive
stochastic differential equations with delay and stochastically perturbed equations. Finally, an example and simulations are
given to demonstrate that impulsive effects play an important role in the stability in Section 5.
2. Preliminaries
Let R = (−∞,+∞), R+ = [0,+∞), Rn denote the n-dimensional Euclidean space with the Euclidean norm | · |. If A is
a vector or matrix, its transpose is denoted by AT , and its norm is denoted by ‖A‖ =√λmax(AT A), where λmax(·) is the
maximum eigenvalue of a matrix. ω(t) = (ω1(t),ω2(t), . . . ,ωm(t))T is an m-dimensional Brownian motion on a complete
probability space (Ω,F , P ) with a natural ﬁltration {Ft}t0 satisfying the usual conditions (i.e. Ft = σ {ω(s): 0 s t}).
Let τ > 0 and PC([−τ ,0], Rn) = {ψ : [−τ ,0] → Rn|ψ(t+),ψ(t) exist, and ψ(t−) = ψ(t)} with the norm ‖ψ‖ =
sup−τθ0 |ψ(θ)|, where ψ(t+) and ψ(t−) denote the right-hand and left-hand limits of function ψ(t) at t .
Denote by PCbF0 ([−τ ,0]; Rn) the family of all bounded, F0-measurable, PC([−τ ,0]; Rn)-valued random variables. For
p > 0, denote by PCpFt ([−τ ,0], Rn) the family of all Ft -measurable PC([−τ ,0], Rn)-valued random variables ψ such that∫ 0
−τ E|ψ(θ)|p dθ < ∞.
We consider the following impulsive stochastic functional differential equation⎧⎪⎨
⎪⎩
dx(t) = f (t, x(t), xt)dt + g(t, x(t), xt)dω(t), t  0, t = tk,
	x(tk) = Ik
(
tk, x(tk)
)
, k = 1,2, . . . ,
x(t) = ξ, t ∈ [−τ ,0],
(2.1)
where ξ ∈ PCbF0 ([−τ ,0]; Rn), x(t) = [x1(t), x2(t), . . . , xn(t)]T and xt = {x(t + θ): −τ  θ  0}, x(t+k ) = limh→0+ x(tk + h),
x(tk) = limh→0− x(tk + h), tk  0 are impulsive moments satisfying tk < tk+1 and limk→+∞ tk = +∞, 	x(tk) = x(t+k ) − x(tk)
represents the jump in the state x at tk with Ik determining the size of the jump, f : R+ × Rn × PC([−τ ,0]; Rn) → Rn ,
g : R+ × Rn × PC([−τ ,0]; Rn) → Rn×m , Ik : R × Rn → Rn .
Throughout this paper, we assume that f , g and Ik satisfy the necessary conditions for the global existence and unique-
ness of solutions for all t  0. For any ξ ∈ PCbF0 ([−τ ,0]; Rn), there exists a unique stochastic process satisfying Eq. (2.1)
denoted by x(t; ξ), which is continuous on the left-hand side and limitable on the right-hand side. Also we assume that
f (t,0,0) ≡ 0, g(t,0,0) ≡ 0 and Ik(t,0) ≡ 0, k = 1,2, . . . , which implies that x(t) ≡ 0 is an equilibrium solution.
Let C 21 ([−τ ,∞) × Rn; R+) be the family of all nonnegative functions V (t, x(t)) on [−τ ,∞) × Rn which are continuous
on (tk−1, tk] × Rn , Vt, Vx, Vxx are continuous on (tk−1, tk] × Rn . For each V ∈C 21 ([−τ ,∞) × Rn; R+), we deﬁne an operator
L V : (tk−1, tk] × PCbFt ([−τ ,0]; Rn) associated with Eq. (2.1) as follows:
L V (t, φ) = Vt
(
t, φ(0)
)+ Vx(t, φ(0)) f (t, φ(0),φ)+ 1
2
trace
[
gT
(
t, φ(0),φ
)
Vxx
(
t, φ(0)
)
g
(
t, φ(0),φ
)]
,
where
Vt(t, x) = ∂V (t, x)
∂t
, Vx(t, x) =
(
∂V (t, x)
∂x1
, . . . ,
∂V (t, x)
∂xn
)
, Vxx
(
∂2V (t, x)
∂xix j
)
n×n
.
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such that for any initial values ξ ∈ PCbF0 ([−τ ,0]; Rn) and t  0
E
∣∣x(t; ξ)∣∣p  Me−ηt sup
−τθ0
E
∣∣ξ(θ)∣∣p .
Remark 2.1. When p = 2, it is often called to be exponentially stable in mean square.
Deﬁnition 2.2. The zero solution of Eq. (2.1) are said to be almost surely exponentially stable if there exists η > 0 such that
for any initial values ξ ∈ PCbF0 ([−τ ,0]; Rn) and t  0
limsup
t→∞
1
t
ln
∣∣x(t; ξ)∣∣−η a.s.
3. Stability analysis
In the following, we shall establish some criteria on pth moment exponential stability and almost sure exponential
stability for Eq. (2.1).
Theorem 3.1. Assume that V ∈C 21 ([−τ ,∞) × Rn; R+) and there exist constants p > 0, c1 > 0, c2 > 0, dk > 0, k = 1,2, . . . , η  0,
η, δ such that
(i) c1|x|p  V (t, x) c2|x|p for all (t, x) ∈ [−τ ,∞) × Rn;
(ii) EL V (t, φ) ηEV (t, φ(0)) + η sup−τθ0 EV (t + θ,φ(θ)), for all t ∈ (tk−1, tk];
(iii) EV (t+k , φ(0) + Ik(tk, φ)) dkEV (tk, φ(0));
(iv) lndk < δ(tk − tk−1), k = 1,2, . . . ;
(v) η + γ η + δ < 0;
then the zero solution of Eq. (2.1) is pth moment exponentially stable with pth moment exponent λ, where φ = {φ(θ) | −τ  θ  0} ∈
PCpFt , γ = max1k<+∞{eδ(tk−tk−1), 1eδ(tk−tk−1) }, λ is the unique positive solution of λ + η + γ e
λτ η + δ = 0.
Proof. Let x(t) = x(t; ξ) be any solution of Eq. (2.1) with the initial condition x0 = ξ . For convenience, let V (t) = V (t, x(t)).
By Itô formula, we know that for t ∈ (tk−1, tk]
dV
(
t, x(t)
)=L V (t, x(t))+ Vx(t, x(t))g(t, x(t), xt)dω(t). (3.1)
Let  be small enough such that t +  ∈ (tk−1, tk). Then integrating the above inequality from t to t +  and taking the
expectations on both sides of (3.1), we have
EV
(
t + , x(t + ))− EV (t, x(t))=
t+∫
t
EL V
(
s, x(s)
)
ds + E
t+∫
t
V x
(
s, x(s)
)
g
(
s, x(s), xs
)
dω(s). (3.2)
Let  → 0, it follows from (ii) that for t ∈ (tk−1, tk]
D+EV (t) = EL V (t, x(t)) ηEV (t) + η sup
−τθ0
EV (t + θ). (3.3)
Let y(t) = e−ηt EV (t), we have for t ∈ (tk−1, tk]
D+ y(t) = e−ηt D+EV (t) − ηe−ηt EV (t)
 e−ηt
[
ηEV (t) + η sup
−τθ0
EV (t + θ)
]
− ηe−ηt EV (t) = ηe−ηt sup
−τθ0
EV (t + θ). (3.4)
From (iii), we have
y
(
t+k
)= EV (t+k )e−ηtk  dk y(tk). (3.5)
For t ∈ [0, t1], integrating the inequality (3.4) from 0 to t , we obtain
y(t) = y(0) +
t∫
ηe−ηs sup
−τθ0
EV (s + θ)ds. (3.6)0
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y(t1) = y(0) +
t1∫
0
ξe−ηs sup
−τθ0
EV (s + θ)ds. (3.7)
For t ∈ (t1, t2], by the same method, together with (3.5) and (3.7), we have
y(t) = y(t+1 )+
t∫
t1
ηe−ηs sup
−τθ0
EV (s + θ)ds
 d1
[
y(0) +
t1∫
0
ηe−ηs sup
−τθ0
EV (s + θ)ds
]
+
t∫
t1
ηe−ηs sup
−τθ0
EV (s + θ)ds
= d1 y(0) + d1
t1∫
0
ηe−ηs sup
−τθ0
EV (s + θ)ds +
t∫
t1
ηe−ηs sup
−τθ0
EV (s + θ)ds. (3.8)
By induction, we have for t ∈ (tk−1, tk], k = 1,2, . . . ,
y(t) = y(0)
∏
0tk<t
dk +
t∫
0
∏
stk<t
dkηe
−ηs sup
−τθ0
EV (s + θ)ds. (3.9)
Thus for t > 0, we get
EV (t) EV (0)eηt
∏
0tk<t
dk +
t∫
0
eη(t−s)
∏
stk<t
dkη sup
−τθ0
EV (s + θ)ds.
Let ti1, ti2, . . . , til be impulsive points in [s, t), t > s. In view of (iv) and γ = max1k<+∞{eδ(tk−tk−1), 1eδ(tk−tk−1) }, then∏
stk<t
dk = di1di2 · · ·dil  eδ(ti1−ti1−1)eδ(ti2−ti1) · · · eδ(til−ti(l−1))
= eδ(til−ti1−1) = eδ(t−s)eδ(til−t)eδ(s−ti1−1),
where ti1−1 is the ﬁrst impulsive point before ti1 and satisﬁes ti1−1 < s. If δ  0, then∏
stk<t
dk  eδ(t−s)eδ(s−ti1−1)  eδ(t−s)eδ(til−ti1−1)  γ eδ(t−s).
If δ < 0, we obtain∏
stk<t
dk  eδ(t−s)eδ(til−t)  eδ(t−s)eδ(til−til+1)  γ eδ(t−s),
where til+1 is the ﬁrst impulsive point after til and satisﬁes til+1 > t . Thus for t > s, we conclude that∏
stk<t
dk  γ eδ(t−s). (3.10)
Then
EV (t) γ EV (0)e(η+δ)t +
t∫
0
γ e(η+δ)(t−s)η sup
−τθ0
EV (s + θ)ds. (3.11)
Let ψ(λ) = λ+η+ δ +γ ηeλτ . Since (v) holds, then ψ(0) < 0. Moreover, ψ(+∞) = +∞ and ψ ′(λ) = 1+γ ητeλτ > 0. Hence
ψ(λ) = 0 has a unique positive solution λ. Next, we can claim that for t −τ
EV (t) γ sup EV (σ )e−λt . (3.12)
−τσ0
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EV (t) γ sup
−τσ0
EV (σ ) γ sup
−τσ0
EV (σ )e−λt, t ∈ [−τ ,0],
then we only need to prove that (3.12) holds for t > 0. Otherwise, there exists a t∗ > 0 such that
EV
(
t∗
)
> γ sup
−τσ0
EV (σ )e−λt∗ , EV (t) γ sup
−τσ0
EV (σ )e−λt, −τ  t < t∗. (3.13)
Thus from (3.11) and (3.12) and ψ(λ) = 0, we see that
EV
(
t∗
)
 γ sup
−τσ0
EV (σ )e(η+δ)t∗ +
t∗∫
0
γ e(η+δ)(t∗−s)η sup
−τθ0
EV (s + θ)ds
 γ sup
−τσ0
EV (σ )e(η+δ)t∗ + γ 2η sup
−τσ0
EV (σ )eλτ
t∗∫
0
e(η+δ)(t∗−s)e−λs ds
= γ sup
−τσ0
EV (σ )e−λt∗ ,
which is a contradiction. Therefore, (3.12) holds. It follows from (i) and (3.12) that
c1E
∣∣x(t)∣∣p  EV (t) γ sup
−τσ0
EV (σ )e−λt  γ c2E‖ξ‖pe−λt,
which implies that
E
∣∣x(t)∣∣p  γ c2
c1
E‖ξ‖pe−λt . (3.14)
The proof of Theorem 3.1 is complete. 
Theorem 3.2. Assume that all the conditions of Theorem 3.1 are satisﬁed and p  2. If there exist constants M > 0, N > 0, Lk > 0,
k = 1,2, . . . , such that for all t  0 and φ ∈ PCbF0 ([−τ ,0]; Rn)
	 = inf
1k<+∞
{tk − tk−1} > 0 (3.15)
and
E
∣∣ f (t, φ(0),φ)∣∣p + E(trace[gT (t, φ(0),φ)g(t, φ(0),φ)]) p2  ME∣∣φ(0)∣∣p + N sup
τθ0
E
∣∣φ(θ)∣∣p, (3.16)
and ∣∣Ik(t, φ(0))∣∣ Lk∣∣φ(0)∣∣, (3.17)
then for all ξ ∈ PCbF0 ([−τ ,0]; Rn)
limsup
t→∞
1
t
ln
∣∣x(t; ξ)∣∣−λ
p
, (3.18)
where λ is the unique positive solution of λ + η + γ ηeλτ + δ = 0.
Proof. For convenience, ﬁxing a ξ , let us take x(t) instead of the solution x(t; ξ). For t  τ
E‖xt+τ ‖p = E
{
sup
0hτ
∣∣x(t + h)∣∣p}
 4p−1
(
E
∣∣x(t)∣∣p + E
[ t+τ∫
t
∣∣ f (s, x(s), xs)∣∣ds
]p
+ E
[
sup
0hτ
∣∣∣∣∣
t+h∫
t
g
(
s, x(s), xs
)
dω(s)
∣∣∣∣∣
p]
+ E
[ ∑
ttkt+τ
∣∣Ik(tk, x(tk))∣∣
]p)
. (3.19)
By Hölder’s inequality, combining to (3.14) and (3.16), one can obtain
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[ t+τ∫
t
∣∣ f (s, x(s), xs)∣∣ds
]p
 τ p−1
t+τ∫
t
E
∣∣ f (s, x(s), xs)∣∣p ds
 Mτ p−1
t+τ∫
t
E
∣∣x(s)∣∣p ds + Nτ p−1
t+τ∫
t
sup
−τθ0
E
∣∣x(s + θ)∣∣p ds
 γ Mc2τ
p−1
c1
E‖ξ‖p
t+τ∫
t
e−λs ds + γ Nc2τ
p−1
c1
E‖ξ‖p
t+τ∫
t
e−λ(s−τ ) ds
 γ c2τ
p−1
c1λ
(
Meλτ + N)e−λ(t−τ )E‖ξ‖p . (3.20)
It follows from the well-known Burkholder–Davis–Gundy inequality that
E
[
sup
0hτ
∣∣∣∣∣
t+h∫
t
g
(
s, x(s), xs
)
dω(s)
∣∣∣∣∣
p]
 Cp E
[ t+τ∫
t
trace
(
gT
(
s, x(s), xs
)
g
(
s, x(s), xs
))
ds
] p
2
(3.21)
where Cp is a positive constant depending on p only. By (3.14) and (3.16), we can show that
E
[
sup
0hτ
∣∣∣∣∣
t+h∫
t
g
(
s, x(s), xs
)
dω(s)
∣∣∣∣∣
p]
 γ Cpc2τ
p−2
2
c1λ
(
Meλτ + N)e−λ(t−τ )E‖ξ‖p . (3.22)
In view of (3.15), we have the following estimation[ ∑
ttkt+τ
∣∣Ik(tk, x(tk))∣∣
]p

[
τ
	
]p
sup
ttk<t+τ
(
Lk
∣∣x(tk)∣∣)p 
[
τ
	
]p
γ c2
c1
sup
1k<+∞
{
Lpk
}
e−λt E‖ξ‖p, (3.23)
where [ τ
	
] is the maximum integer not more than τ
	
. Substituting (3.20), (3.22) and the above inequality into (3.19), we
have for t  τ
E‖xt+τ ‖p  κe−λt, (3.24)
where κ is a positive constant. Then for an arbitrary ε ∈ (0, λ) and letting n = 1,2, . . . , we have
P
{
ω: ‖x(n+1)τ ‖p > e−(λ−ε)nτ
}
 e(λ−ε)nτ E‖x(n+1)τ ‖p  κe−εnτ . (3.25)
By the Borel–Cantelly lemma, it follows that there exists an n0(ω) such that for almost all ω ∈ Ω , n n0(ω)
‖x(n+1)τ ‖p  e−(λ−ε)nτ . (3.26)
Then for nτ  t  (n + 1)τ , n n0(ω) and for almost all ω ∈ Ω
1
t
ln
∣∣x(t)∣∣−λ − ε
p
. (3.27)
Therefore,
limsup
t→∞
1
t
ln
∣∣x(t)∣∣−λ − ε
p
a.s. (3.28)
The remaining proof is to let ε → 0. 
4. Some consequences
In the following, we shall apply the above new results to impulsive stochastic differential equation with bounded time-
varying delays and stochastically perturbed equations with impulse.
We consider the following impulsive stochastic differential equation with bounded time-varying delays⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
dx(t) = f (t, x(t), x(t − τ1(t)), . . . , x(t − τl(t)))dt
+ g(t, x(t), x(t − τ1(t)), . . . , x(t − τl(t)))dω(t), t  0, t = tk,
	x(tk) = Ik
(
tk, x(tk)
)
, k = 1,2, . . . ,
(4.1)x(t) = ξ, t ∈ [−τ ,0],
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Rn×m satisfy f (t,0, . . . ,0) ≡ 0, g(t,0, . . . ,0) ≡ 0.
Theorem 4.1. Assume that V ∈ C 21 ([−τ ,∞) × Rn; R+) and there exist constants p > 0, c1 > 0, c2 > 0, dk > 0, k = 1,2, . . . ,
η1  0, . . . , ηl  0, η, δ such that
(i) c1|x|p  V (t, x) c2|x|p for all (t, x) ∈ [−τ ,∞) × Rn,
(ii) EL V (t, φ) ηEV (t, φ(0)) +∑li=1 ηi EV (t − τi(t),φ(−τi(t))) for all t ∈ (tk−1, tk],
(iii) EV (t+k , φ(0) + Ik(tk, φ)) dkEV (tk, φ(0)),
(iv) lndk < δ(tk − tk−1), k = 1,2, . . . ,
(v) η + γ ∑li=1 ηi + δ < 0,
then the zero solution of Eq. (4.1) is pth moment exponentially stable with pth moment exponent λ, where φ = {φ(θ) | −τ  θ  0} ∈
PCpFt , γ = max1k<+∞{eδ(tk−tk−1), 1eδ(tk−tk−1) }, λ is the unique positive solution of λ + η + γ e
λτ
∑l
i=1 ηi + δ = 0.
Theorem 4.2. Let p  2. Assume that all the conditions of Theorem 4.1 are satisﬁed. If there exist constants M > 0, Ni > 0, i = 1, . . . , l ,
Lk > 0, k = 1,2, . . . , such that for all (t, x, y1, . . . , yl) ∈ R+ × Rn × Rn×l , (3.15), (3.17) and
E
∣∣ f (t, x, y1, . . . , yl)∣∣p + E(trace[gT (t, x, y1, . . . , yl)g(t, x, y1, . . . , yl)]) p2  ME|x|p + N l∑
i=1
E|yi |p,
hold. Then for all ξ ∈ PCpFt ([−τ ,0]; Rn)
limsup
t→∞
1
t
ln
∣∣x(t; ξ)∣∣−λ
p
a.s., (4.2)
where λ is the unique positive solution of λ + η + γ eλτ ∑li=1 ηi + δ = 0.
Corollary 4.1. Let p  2. Assume that the following conditions hold
(i) there exists a constant β such that
xT f (t, x,0, . . . ,0) β|x|2; (4.3)
(ii) there exist nonnegative constants μi, νi , 0 i  l, such that for all t  0, x, x, y1, . . . , yl ∈ Rn
∣∣ f (t, x, . . . , x) − f (t, x, y1, . . . , yl)∣∣p μ0|x− x|p + l∑
i=1
μi|x− yi|p (4.4)
and
(
trace
[
gT (t, x, y1, . . . , yl)g(t, x, y1, . . . , yl)
]) p
2  ν0|x|p +
l∑
i=1
νi|yi |p; (4.5)
(iii) there exist positive constants dk, k = 1,2, . . . such that E|x(tk) + Ik(tk, x(tk))|p  dkE|x(tk)|p ;
(iv) there exists constant δ such that for any k = 1,2, . . . , lndk < δ(tk − tk−1);
(v) pβ + p(p−1)ν02 + (p − 1)
∑l
i=1 μi + (p−1)(p−2)2
∑l
i=1 νi + γ
∑l
i=1[μi + νi(p − 1)] + δ < 0.
Then the zero solution of Eq. (4.1) is pth moment exponentially stable with pth moment exponent λ, where γ =
max1k<+∞{eδ(tk−tk−1), 1eδ(tk−tk−1) }, λ is the unique positive solution of λ+ pβ +
p(p−1)ν0
2 + (p−1)
∑l
i=1 μi + (p−1)(p−2)2
∑l
i=1 νi +
γ eλτ
∑l
i=1[μi + νi(p − 1)] + δ = 0. In addition, if (3.15) holds, then the zero solution of Eq. (4.1) is also almost surely exponentially
stable and its sample Lyapunov exponent is λ.
Proof. Let V (t, x) = |x(t)|p . Then for t ∈ (tk−1, tk]
L V (t, φ) = Vt
(
t, φ(0)
)+ Vx(t, φ(0)) f (t, φ(0),φ(−τ1(t)), . . . , φ(−τl(t)))
+ 1
2
trace
[
gT
(
t, φ(0),φ
(−τ1(t)), . . . , φ(−τl(t)))g(t, φ(0),φ(−τ1(t)), . . . , φ(−τl(t)))]
= p∣∣φ(0)∣∣p−2φT (0) f (t, φ(0),0, . . . ,0)+ p∣∣φ(0)∣∣p−2φT (0)[ f (t, φ(0),φ(−τ1(t)), . . . , φ(−τl(t)))
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+ p
2
∣∣φ(0)∣∣p−2 trace[gT (t, φ(0),φ(−τ1(t)), . . . , φ(−τl(t)))g(t, φ(0),φ(−τ1(t)), . . . , φ(−τl(t)))]
+ p(p − 2)
2
∣∣φ(0)∣∣p−4∣∣φT (0)g(t, φ(0),φ(−τ1(t)), . . . , φ(−τl(t)))∣∣2

(
pβ + p(p − 1)ν0
2
)∣∣φ(0)∣∣p + p l∑
i=1
μi
∣∣φ(0)∣∣p−1∣∣φ(−τi(t))∣∣
+ p(p − 1)
2
l∑
i=1
νi
∣∣φ(0)∣∣p−2∣∣φ(−τi(t))∣∣2. (4.6)
By inequality
xy  x
a
a
+ x
b
b
, x 0, y  0, a > 1, b > 1, 1
a
+ 1
b
= 1, (4.7)
we have∣∣φ(0)∣∣p−1∣∣φ(−τi(t))∣∣ p − 1
p
∣∣φ(0)∣∣p + 1
p
∣∣φ(−τi(t))∣∣p (4.8)
and ∣∣φ(0)∣∣p−2∣∣φ(−τi(t))∣∣2  p − 2
p
∣∣φ(0)∣∣p + 2
p
∣∣φ(−τi(t))∣∣p . (4.9)
Substituting (4.8) and (4.9) into (4.6), we have
L V (t, φ)
[
pβ + p(p − 1)ν0
2
+ (p − 1)
l∑
i=1
μi + (p − 1)(p − 2)2
l∑
i=1
νi
]∣∣φ(0)∣∣p
+
l∑
i=1
[
μi + νi(p − 1)
]∣∣φ(−τi(t))∣∣p, (4.10)
which implies that for t ∈ (tk−1, tk]
EL V (t, φ)
[
pβ + p(p − 1)ν0
2
+ (p − 1)
l∑
i=1
μi + (p − 1)(p − 2)2
l∑
i=1
νi
]
EV
(
t, φ(0)
)
+
l∑
i=1
[
μi + νi(p − 1)
]
EV
(
t, φ
(−τi(t))). (4.11)
For t = tk , it follows from (iii) that
EV
(
t+k , φ(0) + Ik(tk, φ)
)
 dkEV
(
tk, φ(0)
)
. (4.12)
Consequently, the conclusion follows from Theorem 4.1 and Theorem 4.2. This completes the proof. 
Corollary 4.2. Let f (t, x,0, . . . ,0) = Ax, A ∈ Rn×n. Assume that the following conditions hold
(i) there exist positive deﬁnite matrices Ui , 1 i  l, such that
[
f (t, x, y1, . . . , yl) − f T (t, x,0, . . . ,0)
]T [
f (t, x, y1, . . . , yl) − f T (t, x,0, . . . ,0)
]

l∑
i=1
yTi Ui yi, (4.13)
(ii) there exist positive deﬁnite matrices Wi , 0 i  l, such that
trace
[
gT (t, x, y1, . . . , yl)g(t, x, y1, . . . , yl)
]
 xT W0x+
l∑
i=1
yTi Wi yi, (4.14)
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Γ0 = Q A + AT Q + Q 2 + λmax(Q )W0 − ηQ  0, (4.15)
and
Γi = −1Ui + λmax(Q )Wi − ηi Q  0, i = 1, . . . , l, (4.16)
where Γi  0, 0 i  l, mean that matrices Γi are negative semi-deﬁnite,
(iv) there exist positive constants dk, k = 1,2, . . . , such that
E
[(
x(tk) + Ik
(
tk, x(tk)
))T
Q
(
x(tk) + Ik
(
tk, x(tk)
))]
 dkE
[
xT (tk)Q x(tk)
]
, (4.17)
(v) there exists constant δ such that for any k = 1,2, . . .
lndk < δ(tk − tk−1), (4.18)
(vi) η + γ ∑li=1 ηi + δ < 0.
Then the zero solution of Eq. (4.1) is exponentially stable in the mean square with exponent λ, where γ = max1k<+∞{eδ(tk−tk−1),
1
eδ(tk−tk−1)
}, λ is the unique positive solution of λ + η + γ eλτ ∑li=1 ηi + δ = 0. In addition, if (3.15) holds, then the zero solution of
Eq. (4.1) is also almost surely exponentially stable.
Proof. Let V (t, x) = xT (t)Q x(t). Then for t ∈ (tk−1, tk]
L V (t, φ) = Vt
(
t, φ(0)
)+ Vx(t, φ(0)) f (t, φ(0),φ(−τ1(t)), . . . , φ(−τl(t)))
+ 1
2
trace
[
gT
(
t, φ(0),φ
(−τ1(t)), . . . , φ(−τl(t)))g(t, φ(0),φ(−τ1(t)), . . . , φ(−τl(t)))]
= 2φT (0)Q f (t, φ(0),0, . . . ,0)+ 2φT (0)Q [ f (t, φ(0),φ(−τ1(t)), . . . , φ(−τl(t)))− f (t, φ(0),0, . . . ,0)]
+ trace[gT (t, φ(0),φ(−τ1(t)), . . . , φ(−τl(t)))Q g(t, φ(0),φ(−τ1(t)), . . . , φ(−τl(t)))]. (4.19)
We can easily obtain that
2φT (0)Q f
(
t, φ(0),0, . . . ,0
)= φT (0)(Q A + AT Q )φ(0). (4.20)
In view of for any vectors x, y ∈ Rn , scalar  > 0, the following inequality holds
2xT y  xT x+ −1 yT y (4.21)
then it follows from (i) that
2φT (0)Q
[
f
(
t, φ(0),φ
(−τ1(t)), . . . , φ(−τl(t)))− f (t, φ(0),0, . . . ,0)]
 φT (0)Q 2φ(0) + −1[ f (t, φ(0),φ(−τ1(t)), . . . , φ(−τl(t)))− f (t, φ(0),0, . . . ,0)]T
× [ f (t, φ(0),φ(−τ1(t)), . . . , φ(−τl(t)))− f (t, φ(0),0, . . . ,0)]
 φT (0)Q 2φ(0) + −1
l∑
i=1
φT
(−τi(t))Uiφ(−τi(t)). (4.22)
By (ii), we have the following estimation
trace
[
gT
(
t, φ(0),φ
(−τ1(t)), . . . , φ(−τl(t)))Q g(t, φ(0),φ(−τ1(t)), . . . , φ(−τl(t)))]
 λmax(Q )
[
φT (0)W0φ(0) +
l∑
i=1
φT
(−τi(t))Wiφ(−τi(t))
]
. (4.23)
Substituting (4.20), (4.22) and (4.23) into (4.19), we can derive that
L V (t, φ) φT (0)
(
Q A + AT Q + Q 2 + λmax(Q )W0
)
φ(0)
+
l∑
i=1
φT
(−τi(t))(−1Ui + λmax(Q )Wi)φ(−τi(t))
= φT (0)(Q A + AT Q + Q 2 + λmax(Q )W0 − ηQ )φ(0) + ηφT (0)Q φ(0)
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l∑
i=1
φT
(−τi(t))(−1Ui + λmax(Q )Wi − ηi Q )φ(−τi(t))+ ηi l∑
i=1
φT Q φ
(−τi(t))
 ηφT (0)Q φ(0) + ηi
l∑
i=1
φT Q φ
(−τi(t)), (4.24)
which implies that for t ∈ (tk, tk+1]
EL V (t, φ) ηEV
(
t, φ(0)
)+ l∑
i=1
ηi EV
(
t, φ
(−τi(t))). (4.25)
For t = tk , it follows from (iv) that
EV
(
t+k , φ(0) + Ik(tk, φ)
)
 dkEV
(
tk, φ(0)
)
.
Consequently, the conclusions follow from Theorems 4.1, 4.2. This completes the proof. 
In the following, we consider stochastically perturbed equations with impulse of the form⎧⎪⎨
⎪⎩
dx(t) = [ f0(t, x(t))+ f1(t, xt)]dt + g(t, xt)dω(t), t  0, t = tk,
	x(tk) = Ik
(
tk, x(tk)
)
, k = 1,2, . . . ,
x(t) = ξ, t ∈ [−τ ,0],
(4.26)
where f0 : R+ × Rn → Rn and f1, g : R+ × PC([−τ ,0]; Rn) → Rn satisfy f0(t,0) ≡ 0, f1(t,0) ≡ 0, g(t,0) ≡ 0.
Theorem 4.3. Assume that V ∈C 21 ([−τ ,∞) × Rn; R+) and there exist constants p > 0, c1 > 0, c2 > 0, dk > 0, k = 1,2, . . . , ζi  0,
i = 1,2,3,4, η, δ such that
(i) c1|x|p  V (t, x) c2|x|p for all (t, x) ∈ [−τ ,∞) × Rn,
(ii) EVt(t, x) + E[Vx(t, x) f0(t, x)]  ηEV (t, x), E|Vx(t, x)|  ζ1E[V (t, x)](p−1)/p and E‖Vxx(t, x)‖  ζ2E[V (t, x)](p−2)/p for all
(t, x) ∈ (tk−1, tk] × Rn,
(iii) E| f1(t, φ)|p  ζ3 sup−τθ0 EV (t, φ(θ)) and E(trace[gT (t, φ)g(t, φ)])
p
2  ζ4 sup−τθ0 EV (t, φ(θ)) for all t ∈ (tk−1, tk]
and φ ∈ PCpFt ([−τ ,0]; Rn),
(iv) EV (t+k , φ(0) + Ik(tk, φ)) dkEV (tk, φ(0)),
(v) lndk < δ(tk − tk−1), k = 1,2, . . . ,
(vi) η + ζ1(p−1)p + ζ2(p−2)2p + γp (ζ1ζ3 + ζ2ζ4) + δ < 0.
Then the zero solution of Eq. (4.26) is pth moment exponentially stable with pth moment exponent λ, where γ =
max1k<+∞{eδ(tk−tk−1), 1eδ(tk−tk−1) }, λ is the unique positive solution of λ + η +
ζ1(p−1)
p + ζ2(p−2)2p + γ e
λτ
p (ζ1ζ3 + ζ2ζ4) + δ = 0.
Proof. For t ∈ (tk−1, tk], one can obtain that
L V (t, φ) = Vt
(
t, φ(0)
)+ Vx(t, φ(0))[ f0(t, φ(0))+ f1(t, φ)]+ 1
2
trace
[
gT (t, φ)Vxx
(
t, φ(0)
)
g(t, φ)
]
. (4.27)
In view of (ii), we have
EL V (t, φ) = ηEV (t, φ(0))+ ζ1E([V (t, φ(0))](p−1)/p∣∣ f1(t, φ)∣∣)
+ ζ2
2
E
([
V
(
t, φ(0)
)](p−2)/p
trace
[
gT (t, φ)g(t, φ)
])
. (4.28)
By using inequality (4.7) and from condition (iii), we have
E
([
V
(
t, φ(0)
)](p−1)/p∣∣ f1(t, φ)∣∣) p − 1
p
EV
(
t, φ(0)
)+ 1
p
E
∣∣ f1(t, φ)∣∣p
 p − 1
p
EV
(
t, φ(0)
)+ ζ3
p
sup
−τθ0
EV
(
t, φ(θ)
)
(4.29)
and
E
([
V
(
t, φ(0)
)](p−2)/p
trace
[
gT (t, φ)g(t, φ)
])
 p − 2
p
EV
(
t, φ(0)
)+ 2ζ4
p
sup EV
(
t, φ(θ)
)
. (4.30)−τθ0
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EL V (t, φ)
[
η + ζ1(p − 1)
p
+ ζ2(p − 2)
2p
]
EV
(
t, φ(0)
)+ 1
p
(ζ1ζ3 + ζ2ζ4)EV (t, φ). (4.31)
Then by Theorem 3.1, the conclusion of Theorem 4.3 holds and the proof is complete. 
Theorem 4.4. Let p  2. Assume that all the conditions of Theorem 4.3 are satisﬁed. If there exist constants M > 0, N > 0, Lk > 0,
k = 1,2, . . . , such that for all t  0 and φ ∈ PCpFt ([−τ ,0]; Rn), (3.15), (3.17) and
E
∣∣ f0(t, φ(0))∣∣p + E∣∣ f1(t, φ)∣∣p + E(trace[gT (t, φ)g(t, φ)]) p2  ME∣∣φ(0)∣∣p + N sup
−τθ0
E
∣∣φ(θ)∣∣p
hold, then the zero solution of Eq. (4.26) is almost surely exponentially stable.
Corollary 4.3. Let p  2. Assume that the following conditions hold
(i) there exists a constant β such that
xT f0(t, x, x) β|x|2, (4.32)
(ii) there exist two nonnegative constants ϑ1, ϑ2 such that
∣∣ f1(t, φ)∣∣ ϑ1
0∫
−τ
∣∣φ(θ)∣∣dθ (4.33)
and
∣∣g(t, φ)∣∣ ϑ2
0∫
−τ
∣∣φ(θ)∣∣dθ, (4.34)
(iii) there exist positive constants dk, k = 1,2, . . . such that E|x(tk) + Ik(tk, x(tk))|p  dkE|x(tk)|p ,
(iv) there exists constant δ such that for any k = 1,2, . . . , lndk < δ(tk − tk−1),
(v) pβ + p − 1+ (p−1)(p−2)2 + γ τ p[ϑ p1 + (p − 1)ϑ p2 ] + δ < 0,
then the zero solution of Eq. (4.26) is pth moment exponentially stable with pth moment exponent λ, where γ =
max1k<+∞{eδ(tk−tk−1), 1eδ(tk−tk−1) }, λ is the unique positive solution of pβ + p−1+
(p−1)(p−2)
2 +γ τ peλτ [ϑ p1 + (p−1)ϑ p2 ]+ δ = 0.
In addition, if there exists constant L > 0 such that for t  0, φ ∈ PCpFt ([−τ ,0]; Rn), | f0(t, φ(0))| L|φ(0)| and (3.15) hold, then the
zero solution of Eq. (4.26) is also almost surely exponentially stable.
Proof. Let V (t, x) = |x(t)|p . Then for t ∈ (tk−1, tk], we derive that
Vt(t, x) + Vx(t, x) f0(t, x) pβ|x|p,
Vx(t, x) p|x|p−1,
∥∥Vxx(t, x)∥∥ p(p − 1)|x|p−2. (4.35)
By (ii), we have
E
∣∣ f1(t, φ)∣∣p  ϑ p1 τ p−1
0∫
−τ
E
∣∣φ(θ)∣∣p dθ  ϑ p1 τ sup−τθ0 E
∣∣φ(θ)∣∣p (4.36)
and
E
(
trace
[
gT (t, φ)g(t, φ)
]) p
2  ϑ p2 τ
p sup
−τθ0
E
∣∣φ(θ)∣∣p . (4.37)
Consequently, the conclusion follows from Theorem 4.3 and Theorem 4.4. The proof is complete. 
Corollary 4.4. Let f0(t, x) = Ax, A ∈ Rn×n. Assume that the following conditions hold
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f T1
(
t, φ(θ)
)
f1
(
t, φ(θ)
)
 ι1
0∫
−τ
∣∣φ(θ)∣∣2 dθ (4.38)
and
trace
[
gT
(
t, φ(θ)
)
g
(
t, φ(θ)
)]
 ι2
0∫
−τ
∣∣φ(θ)∣∣2 dθ, (4.39)
(ii) there exist positive deﬁnite matrix Q and scalars  > 0, η 0, η such that
Γ = Q A + AT Q + Q 2 − ηQ  0, (4.40)
and
−1ι1τ + λmax(Q )ι2τ − ηλmin(Q ) 0, (4.41)
where λmin(Q ) denotes the smallest eigenvalue of matrix Q ,
(iii) there exist positive constants dk, k = 1,2, . . . , such that
E
[(
x(tk) + Ik
(
tk, x(tk)
))T
Q
(
x(tk) + Ik
(
tk, x(tk)
))]
 dkE
[
xT (tk)Q x(tk)
]
, (4.42)
(iv) there exists constant δ such that for any k = 1,2, . . .
lndk < δ(tk − tk−1), (4.43)
(v) η + γ η + δ < 0,
then the zero solution of Eq. (4.26) is exponentially stable in the mean square with exponent λ, where γ = max1k<+∞{eδ(tk−tk−1),
1
eδ(tk−tk−1)
}, λ is the unique positive solution of λ + η + γ eλτ η + δ = 0. In addition, if (3.15) holds, then the zero solution of Eq. (4.26)
is also almost surely exponentially stable.
Proof. Let V (t, x) = xT (t)Q x(t). Then for t ∈ (tk−1, tk]
L V (t, φ) = Vt
(
t, φ(0)
)+ Vx(t, φ(0))[ f0(t, φ(0))+ f1(t, φ(θ))]+ 1
2
trace
[
gT
(
t, φ(θ)
)
Q g
(
t, φ(θ)
)]
= 2φT (0)Q f0
(
t, φ(0)
)+ 2φT (0)Q f1(t, φ(θ))+ trace[gT (t, φ(θ))Q g(t, φ(θ))]. (4.44)
In view of f0(t, x) = Ax, it follows that
2φT (0)Q f0
(
t, φ(0)
)= φT (0)(Q A + AT Q )φ(0). (4.45)
By inequality (4.21), we can easily derive that
2φT (0)Q f1
(
t, φ(θ)
)
 φT (0)Q 2φ(0) + −1 f T1
(
t, φ(θ)
)
f1
(
t, φ(θ)
)
 φT (0)Q 2φ(0) + −1ι1
0∫
−τ
∣∣φ(θ)∣∣2 dθ. (4.46)
By (ii), we have the following estimation
trace
[
gT
(
t, φ(θ)
)
Q g
(
t, φ(θ)
)]
 λmax(Q )ι2
0∫
−τ
∣∣φ(θ)∣∣2 dθ. (4.47)
Substituting (4.45)–(4.47) into (4.44), we can derive that
L V (t, φ) φT (0)
(
Q A + AT Q + Q 2)φ(0) + (−1ι1 + λmax(Q )ι2)
0∫
−τ
∣∣φ(θ)∣∣2 dθ
= φT (0)(Q A + AT Q + Q 2 − ηQ )φ(0) + ηφT (0)Q φ(0)
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+ (−1ι1 + λmax(Q )ι2)
0∫
−τ
∣∣φ(θ)∣∣2 dθ − η sup
−τθ0
[
φT (θ)Q φ(θ)
]+ η sup
−τθ0
[
φT (θ)Q φ(θ)
]
 ηφT (0)Q φ(0) + η sup
−τθ0
[
φT (θ)Q φ(θ)
]
, (4.48)
which implies that for t ∈ (tk−1, tk]
EL V (t, φ) ηEV
(
t, φ(0)
)+ η sup
−τθ0
[
EV
(
t, φ(θ)
)]
. (4.49)
For t = tk , it follows from (iv) that
EV
(
t+k , φ(0) + Ik(tk, φ)
)
 dkEV
(
tk, φ(0)
)
. (4.50)
Consequently, the conclusions follow from Theorems 3.1, 3.2. This completes the proof. 
5. Example and simulations
In this section, an example and numerical simulations are provided to illustrate our results.
Example 5.1. Consider the following impulsive stochastic differential equations with delay{
dx(t) = [Ax(t) + Bx(t − 1)]dt + [Cx(t) + Dx(t − 1)]dω(t), t  0, t = tk,
	x(tk) = −0.5x(tk), k = 1,2, . . . ,
(5.1)
where tk = 0.05k, A =
(−0.5 0
0 −0.5
)
, B = ( 1.2 −0.6
0.5 0.2
)
, C = ( 1 0
0 1
)
, D = ( 1 0
0 1
)
, x(t) = [x1(t), x2(t)]T , f (t, x(t), x(t − 1)) = Ax(t) +
Bx(t − 1), g(t, x(t), x(t − 1)) = Cx(t) + Dx(t − 1), I(t, x) = −0.5x, f (t, x(t), x(t − 1)) = Ax(t). Taking Q = ( 1 0
0 1
)
, U1 = BT B ,
W0 = 2CT C , W1 = 2DT D , dk = 0.25, δ = −27.726, γ = 4, η = λmax(A + AT ) + 1 + λmax(W0) = 2, η1 = λmax(U1) +
λmax(W1) = 3.9379, η + γ η1 + δ  −9.97 < 0. By Corollary 4.2, the zero solution of Eq. (5.1) is exponentially stable in
the mean square and almost surely exponentially stable. Fig. 1 depicts x1(t), x2(t) of Eq. (5.1) with initial value [0.8,1.2].
Fig. 2 depicts x1(t), x2(t) of Eq. (5.1) without impulses. From Fig. 1 and Fig. 2, we can see that although stochastic delay
differential equations without impulses may be exponentially unstable in the mean square, adding impulses may lead to
exponentially stable in the mean square. That is, impulses may change the stable behavior of an equation.
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